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PDE Constrained Optimization — Overview
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PDE Constrained Optimization (PDECO) Overview

Literature: [Lions, 1971, Troltzsch, 2010, Ito and Kunisch, 2008, Antil et al., 2018,
Hinze et al., 2009, Ulbrich, 2011, Attouch et al., 2006, Ekeland and Témam, 1999]
PDE constrained optimization has 4-5 major components:

» control 2
state u
state equation (i.e., PDE) which associates with every control z a state u.
cost functional J which depends on z and u, to be minimized;

vvyyvyy

constraints obeyed by z (control constraints) and u (state constraints);

In the most abstract form this problem can be written as

min J(u, 2)

s.t. e(u,z) =0, PDE

2z € Zad, control constraints
u € Ugg, state constraints
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Abstract PDECO Problem

min J(u, 2)

s.t. e(u,z) =0, PDE

2z € Zad, control constraints
u € Ugyg, state constraints

where u: states, z: controls,

» (U, |l llv), (Y, - |ly) Banach spaces, (Z, || - ||z) is a reflexive Banach space.

» Z.,q C Z and Uyq C U are nonempty, closed convex set.

» J:UxZ—-R,e:U X Zyqg—Y are sufficiently smooth mappings.

> Can think (U, |- [lv) = R™, |- ll2), V0 -[ly) = R - ll2), (2,1 - l2) = (R™, ][ [[2).

For simplicity we shall focus on the control constrained case, i.e., Uyg = U.
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Three different formulations

» Full space form

min J(u, z)
s.t. e(u,z) =0, PDE
2 € Zad, control constraints

» Let x = (u,2), X =U X Z, Xoa = U X Z,q then we arrive at the following abstract

problem
min J(z)
s.t. e(z) =0, PDE
T € Xyq. constraints

» Reduced form. Let us consider a map
S:Z—-U, zw— S(z)=uwithe(S(z),z)=0.

Here Z is open such that Z,; C Z C Z. We assume that for z € Z there is a unique
u=S(z) € U. Then we can write

min J(z) := J(5(z), 2)

2€Zqq
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Derivative Computation
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Derivative Computation

Compute gradient and Hessian information for
J(z) = J(S(z),2z), where S(z) =u solves e(u,z) =0

Assumption
» J and e are twice continuously differentiable,

» e, (u, z) is continuously invertible.

Use adjoint equation approach for derivative computation.

See, e.g., Chapter 1 in [Hinze et al., 2009], Chapter 1 in [Antil et al., 2018] or
[Heinkenschloss, 2008].
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Gradient Computation: Reduced Form

» Derivative
(T'(2),h) 2+ .z = (Ju(S(2), 2), S ())u= v + (J:(5(2), 2), ) 2+ 2
» Implicit function theorem applied to e(S(z), z) = 0 gives

eu(5(2),2) (9'(2)h) + e-(S(2),2)h =0
= S'(2)h = —e, ' (S(2), 2)e~(S(2), 2).

» Derivative (u = S(z)

~—

= (—ez(u,2)"p+ J=(u,2),h) 2+ 2

feconce
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» Connection with Lagrangian L(u, z,p) = J(u,z) — (p, e(u, 2))y+y:
» The adjoint variable p solves e, (u, 2)p = Ju(u, 2),
which is equivalent to Ly(u,z,p) =0.
» Derivative

(T'(2),h) 2,2 = (—e=(u,2)"p + J-(u, 2),h) 2+ 2
= <Lz(u,Z,p)7h>Z*yz
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» Connection with Lagrangian L(u, z,p) = J(u,z) — (p, e(u, 2))y+y:
» The adjoint variable p solves e, (u, 2)p = Ju(u, 2),
which is equivalent to Ly(u,z,p) =0.
» Derivative

(T'(2),h) 2,2 = (—e=(u,2)"p + J-(u, 2),h) 2+ 2
= <Lz(u,z,p)7h>z*,z

» Assuming that Z is a Hilbert space the gradient V.7 (z) is such that

(VI (2),h)z =(T'(2), ) 2+ 2
= (—ez(u,z)*p—l— Jz(uaz)7h>Z*,Z Vhe Z

(Riesz representation Theorem)
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» Connection with Lagrangian L(u, z,p) = J(u,z) — (p, e(u, 2))y+y:
» The adjoint variable p solves e, (u, 2)p = Ju(u, 2),
which is equivalent to Ly(u,z,p) =0.
» Derivative
<\7/(Z)> h>Z*»Z = <—€z (u> Z)*p + JZ(“v 2)7 h>Z*VZ
= <Lz(u7 va)7 h>Z*7Z

» Assuming that Z is a Hilbert space the gradient V.7 (z) is such that

(VI (2),h)z =(T'(2), ) 2+ 2
= (—ez(u,z)*p—l— Jz(uaz)7h>Z*,Z Vhe Z

(Riesz representation Theorem)
Derivative Computation Using Adjoints
1. Given z, solve e(u, z) = 0 for u (if not done already).
2. Solve the adjoint equation e, (u(z), 2)*p = Ju(u(z), z) for p . Denote the solution by p(z).
3. Compute J'(z) = J,(u(2), z) — e, (u(z), z)*p(z).
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Hessian Computation

» Apply implicit differentiation to
T'(2) = J=(u(2), 2) — ex(u(2), 2)"p(2)

to compute Hessian information.



Hessian Computation

» Apply implicit differentiation to
J'(2) = J:(u(2), 2) — ez (u(2), 2) "p(2)
to compute Hessian information.
» This leads to

where

and H(u, z,p) is given by



Hessian Computation

» Apply implicit differentiation to
T'(2) = J=(u(2), 2) — ex(u(2), 2)"p(2)

to compute Hessian information.
» This leads to

where

and H(u, z,p) is given by

_{ Luu(u,2,p) Luz(u,z,p)
H(u,z,P)< Low(u,2,p)  Lss(u, z,p)

» |n practice we are interested in computing Hessian times vector. For instance in the absence of
control constraints we need to solve

J(z)=0

which we can do so by solving Newton's equation for s, in an iterative fashion

T (2)s. = =VI(2).



Hessian-Times-Vector Computation

» Hessian-Times-Vector Computation
1. Given z, solve e(u, z) = 0 for u (if not done already).

2. Solve adjoint equation: e, (u,z)"p = Ju(u, z) for p (if not done already).
3. Solve ey (u, z)w = —e;(u, z)v .

4. Solve e, (u,2)"q = DyuL(u, z,p)w + Dy.L(u, z, p)v.

5. Compute

J"(2)v = —es(u,2)" q+ Luz(u, 2,p)w + L2 (u, 2, p)v.

Two linear PDE solves in steps 3+4 per direction v.

» Vector s, solves Newton equation J"(z)s, = —J'(z) if and only if (sy,s,) solves
the quadratic program

Ju() | |su(’) L/ 1su(C)| [Luu()  Luz()] [sul:)
min <[Jz<-> ’ch) )+ 3¢ sz<>] [qu Lo )] { <>]>
s.t. eu(-)su +ex(-)s: =0,

where () = (u(z),2) and (--) = (u(2), z, p(2)).
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Application of Abstract Approach
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Semilinear Elliptic PDECO Problem

» Problem:

Minimize J(u, z) /|u ) — ug(x)|?dz + = /| ()] dz

s.t.

—div(AVu) + f(-,u) =2 inQ
w=0 on 0}
2 € Zyg:={2€ L) : z4(x) < z(x) < zp(x) a.e inQ}
with zq, 2z € L™(Q) and z, < zp a.e. in .

» Control space: L>(2). For existence we use L?(2) with N/2 < p < oo. Notice that
Zaa C L®(Q) C LP(Q).
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Semilinear Elliptic PDECO Problem

» Problem:

Minimize J(u, z) /|u ) — ug(x)|?dz + = /| ()] dz

s.t.

—div(AVu) + f(-,u) =2 inQ
u=0 on 02

2 € Zyg:={2€ L) : z4(x) < z(x) < zp(x) a.e inQ}
with zq, 2z € L™(Q) and z, < zp a.e. in .

» Control space: L>°(2). For existence we use LP(2) with N/2 < p < co. Notice that
Zgq C L™(02) C LP().

State space: U = L°°(Q2) N H}(Q). [Antil et al., 2017, Antil and Warma, 2020].
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Semilinear Elliptic PDECO Problem

» Problem:

Minimize J(u, z) /|u ) — ug(x)|?dz + = /| ()] dz

s.t.

—div(AVu) + f(-,u) =2 inQ
u=0 on 02

2 € Zyg:={2€ L) : z4(x) < z(x) < zp(x) a.e inQ}
with zq, 2z € L™(Q) and z, < zp a.e. in .

» Control space: L>°(2). For existence we use LP(2) with N/2 < p < co. Notice that
Zgq C L™(02) C LP().
State space: U = L°°(Q2) N H}(Q). [Antil et al., 2017, Antil and Warma, 2020].

» Notice that Z C L*°(Q2). This is a sufficient condition for the differentiability of .S, a
Nemytskii (superposition) operator.
CMA H. Antil
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» Lagrangian:

L(y,u,p) /Iu —ug(z)?dz+ = /\ )? da

- / (AVu “Vp+ f(z,u)p — zp) dz.
Q
» Adjoint equation:

—div(ATVD) + fu(,u)p = (u—ug) in Q
p=0 on 0N

» Derivative
(T'(2),h)z+72 = (Az+p,h)z+ 7

» Gradient: V.7 is computed as follows:
(VI (2),h)z =(T'(2),h) 2+ z, Vh€Z.
» Hessian: L,, = L., = 0. Then use the approach described before.
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Linear Parabolic PDECO Problem

» Problem:

I 2 AT 2
Minimize — lu(z, t) — ug(z, t)|* dedt + = |z(z, )] de dt
2Jo Ja 2Jo Ja
where u solves

Opu(z,t) —div (AVu) +b-Vu=2 inQx(0,T)
u=0, onTpx(0,7),
AVu-v=0 onTy x (0,7)
u(z,0) =0 in Q.

» Lagrangian (formally)

e A
L(u, z,p) :5/0 /Q|u(:r,t)fud(x,t)|2d1:dt+E/Q|z(:1:,t)\2dxdt

T
/ / (Qyu(z, t)p — div (AVu)p + b - Vup — zp) dz dt
0o Jo
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» Adjoint equation

—0ip(x,t) — div (ATVp) — div(bp) = (u —ug) in Q x (0,7T)
p=0, onTpx(0,7),
(AVp+Dbp)-v=0 onTy x(0,T)
p(z, T)=0 in Q.

» Gradient
(VI (2),h)z =(T'(2),h)z+.z = (p+X2,h) 2=z h€EZ.

where Z = L?(0,T; L*(1Q).

p
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Finite Element Method

H. Antil PDE-Data Seminar 05/02/2022 16



Linear elliptic PDE and Weak Form

Literature: [Braess, 1997, Ciarlet, 2002, Brenner and Scott, 2008, Ern and Guermond, 2004]

Poisson’s equation. Let 2 be a bounded open Lipschitz domain with boundary 92. Consider
the following elliptic boundary value problem where given f we seek u solving
—div(AVu) = f in
u=gp ondp
AVu-v =gy on 0Qy.
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Linear elliptic PDE and Weak Form

Literature: [Braess, 1997, Ciarlet, 2002, Brenner and Scott, 2008, Ern and Guermond, 2004]

Poisson’s equation. Let 2 be a bounded open Lipschitz domain with boundary 92. Consider
the following elliptic boundary value problem where given f we seek u solving

—div(AVu) = f in
u=gp ondp
AVu-v =gy on 0Qy.

Weak solution. We define
Vi={ve H'(Q) : vloa, = gp}, Vo:={ve H(Q) : v|sq, = 0}.

We seek u € V such that

/AVu-Vvdx = / fvdac—I—/ gnvds, Yv e V).
Q Q 9N
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Weak form cont.

Assume that there exist w € H'(Q) such that w|sq,, = gp. Then we write u = ug + w with
uO|,9QD = 0.

Thus we are reduced to finding ug € Vp solving:

/ AVug - Vudx = / fudz —|—/ gnvds — / AVw - Voudz, Yv e V.
Q Q QN Q

Then u = ug + w.
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Galerkin Approximation

» Weak form. Find ug € V} solving:
/ AVug - Vodx = / fudx —|—/ gnvds — / AVw - Vodz, Vv e V.
Q Q QN Q
» Galerkin approximation. Find subspace Vj, C V, with basis {vy,...,v,}. Approximate

n
ug by up =7 ujv;.

Find uj, € V}, such that u;, € V}, solves
/ AVuy, - Vodr = / fudx —l—/ gnvds — / AVw - Voudx, Yv eV,
Q Q o0y Q

or equivalently

/ AVuy, - Vuida = / fuidx —|—/ gNvds — / AVw - Vuvidz, i=1,n.
Q Q 0N Q
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Galerkin Approximation

Find uy, € V}, solving:

/ AVuy, - Vuidx = / fvidx —|—/ gNvids — / AVw - Vudx, i=1,n.
Q Q o0y Q

Equivalently we can write a matrix vector system:
Au=b>b

where u = (ug,...,u,)T, A € R"*" b € R" with entries

Aij = / AVU]‘ . V’Ui
Q

bl:/fyldx—k/ gNUidS—/AV’w'V’UZ'dl‘,
Q QN Q

IS
Il
=
3
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Piecewise linear basis functions on triangles

» We haven't specified V}, or basis functions vy, ..., v, yet.
» We will define V}, as a subspace with piecewise polynomials.

» For simplicity let us consider  C R?, and consider the subspace V}, of functions that are
continuous on €2 and piecewise linear basis functions on triangles.

Assume polygonal domain € and subdivide into open triangles K1, ..., Keem such that
Q=UK
K K = (Z)a { 7& j?
K; F =), or = a vertex, or = an edge of both K; and Kj.
Admissible triangulation Inadmissible triangulation
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» Subspace V}, consists of functions that are globally continuous on € and piecewise linear
on the triangles.

> Let ny,...,n,, € are the nodes (same as vertices for piecewise linear elements). Here
n,, is the number of nodes in the mesh.

» Basis functions Ny,..., N, are piecewise linear on triangles and satisfy
Ni(n;) = 6ij.

(refer to as nodal basis).

» Notice that N;(x) is nonzero only if z is contained in a element K that contains the node
n;, i.e.,

Ni(z)=0 forxgU, =K.

n; €K
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» For notation simplicity we assume that n,1,...,n,,_ are the nodes corresponding to the

Dirichlet boundary conditions, i.e.,
ng,...Nny, g GQD,
Np41,...1N0p, S 8QD

» The subspace V}, has basis {Ny,...,N,}.

» Thus the Galerkin approximation now reads

Au =D,
where

A= / AVN;, - VN;
Q

b;, = / fNidx—I—/ gNNids—/AVw-VNidx, i=1,n.
Q o0y Q

o
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» We will incorporate the Dirichlet boundary conditions later.

» Let us first compute A € R™ ™ with entries
A= / AVN; - VN;
Q

bZ:/ledl‘—f—/ gNNidS.
Q 0N

» We notice that

Melem

/ AVN; - VN; = Z AVN; - VN;
Q =1 7 Ke
and
AVN; -VN; =0
Ky
if node n; or n; is not in K.
(@ V] H. Antil PDE-Data Seminar

05/02/2022
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» For piecewise linear basis functions there are ny,sis = 3 nodes per element. For each
element K, compute npasis X Npasis integrals. The resulting matrices are called local.

» Compute these integrals by transforming onto a reference element K with vertices

(0,0), (1,0), (1,1).
» The linear basis on the reference triangle are given by

Xo
3
NE)=1-7 — 5y
Ny(Z) =3
N3(7) = 7,
7 2 %
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Quadratic Basis Functions on Reference Triangle

CMA

H. Antil

Ni(@) = (1 =%y — T)(1 — 22, — 27»)
No(®) = #1(281 — 1)
N3(7) = 728, — 1)
Ny(7) = 431,
N5(7) = 43(1 — 71 — B2)
No(Z) = 431 (1 — T1 — T2)
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» Element transformation. The map

Fp K — K,
> FK(I) = Vg, + B7
where B = (Vy, — Vi,, Vks — Vi, ) € R?*?2 is bijective and maps vertex V; to vy,
i=1,2,3.
» The basis function on element K is given by

~

Nkz(z):Nl(Flzl(x)% Z':11~'~7nbasis~

» Derivative. VN, (z) = B-TVN;(%).
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Assembly

» Let K be an element with nodes ny,,...,ng
» The integral

Mbasis

/ A(z)VNj(z) - VN;(z) dx
K
is only nonzero if 4,5 € {k1,...,k }.

)y WNpasis
» If i =k, and j = k,,, then

/ A(x)VN;(z) - VN;(z) de = / A(x)V Ny, (z) - VN, (z) dx
K K

— |det(B)| /,; A(FK(E))(B*TV]V"L) (B*TV]%)
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Dirichlet Boundary Conditions

Let n,, be the number of nodes in the mesh.
N41,...,0,, be the Dirichlet nodes. The subspace V}, has basis {Ny,..., N, }.
So far we have assembled A € R"*"n» and b € R"~.

Approximate w by

vvyyvyy

(Interpolation at nodes).
» We then modify b to incorporate nonzero boundary conditions as

bl:/le—I—/ gNNidS— Z Aijd(l’lj).
Q o0

j=n+1

» Then we need to solve
A(l:n,1:n)u(l:n)=>b(l:n),
where 1 : n corresponds to the free nodes (nodes at which no Dirichlet conditions are
given).
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Matlab Code: Newton CG, L-BFGS, Semismooth Newton
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