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Example 1: Rocket car

i
a =x(0) b =x(T)

= Aim: Move the car from a to b as fast as possible
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Example 1: Rocket car

%
a=x(0) b =x(T)

= Aim: Move the car from a to b as fast as possible
= z(t) position of the car at time ¢
= control speed: —1 < 2(¢¥) <1

(z = +1: full spead ahead, z = —1: full braking)
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Example 1: Rocket car

% — (1)
a=x(0) b =x(T)
= Aim: Move the car from a to b as fast as possible
= z(t) position of the car at time ¢
= control speed: —1 < z(t) <1
(z = +1: full spead ahead, z = —1: full braking)
= movement of the car is modelled by differential equation
(state equation):
(SE) ma”(t) = z(t) in (0,T), with m : mass of the car
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Example 1: Rocket car

% — (1)
a=x(0) b =x(T)
= Aim: Move the car from a to b as fast as possible
= z(t) position of the car at time ¢
= control speed: —1 < z(t) <1
(z = +1: full spead ahead, z = —1: full braking)
= movement of the car is modelled by differential equation
(state equation):
(SE) ma”(t) = z(t) in (0,T), with m : mass of the car

“Minimize T under the constraint that (SE) is fulfilled and |z(¢)| < 1”
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Example 2: Potato

= Aim: Cook the potato
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Example 2: Potato

= Aim: Cook the potato
= (2 C R3: domain (potato), I' = 9£2: boundary of the domain
= [0,7] : time interval
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Example 2: Potato

Aim: Cook the potato

2 C R3: domain (potato), I' = 3§2: boundary of the domain
[0,77] : time interval

temperature of the potato at location x at time t — state u(x,t)
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Example 2: Potato

= Aim: Cook the potato

= (2 C R3: domain (potato), I' = 9£2: boundary of the domain

= [0,77] : time interval

= temperature of the potato at location x at time t — state u(z,t)

= heat source (e.g. hot water, fire) — control z(z, t)
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Example 2: Potato

= Aim: Cook the potato

= (2 C R3: domain (potato), I' = 9£2: boundary of the domain

= [0,77] : time interval

= temperature of the potato at location x at time t — state u(z,t)
= heat source (e.g. hot water, fire) — control z(z, t)

= model heat conduction in potato — heat equation (PDE)

= heat received at boundary — boundary conditions

= assumption: isotropic potato, heat conducting surface
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Example 2: Potato

(2

= Aim: Cook the potato

= 2 C R3: domain (potato), I' = 8f2: boundary of the domain

= [0,7] : time interval

= temperature of the potato at location x at time t — state u(z,t)
= heat source (e.g. hot water, fire) — control z(z,t)

= model heat conduction in potato — heat equation (PDE)

= heat received at boundary — boundary conditions

= assumption: isotropic potato, heat conducting surface

= postulate: model describes the "real world”

Herberg short title January 31, 2022 2



Example 2: Potato

state equation

u(z,t) — Agu(z,t) = in @ :=(0,T] x 12 (1)
(SE) Onpu(z,t) = a(z(x,t) — u(z,t)) on X :=(0,T] x I (2)
u(z,0) = up(x) in 2 3)

{eonce
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Example 2: Potato

state equation

ug(x,t) — Agu(x, t) = in@:=(0,T] x 2
(SE) Onpu(z,t) = a(z(x,t) — u(z,t)) on X :=(0,T] x I
u(z,0) = up(x) in 2

= (1) describes heat conduction
= (2) models the flux through the surface (boundary condition)

= (3) defines the initial temperature distribution ug(x) (initial condition)
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Example 2: Potato

state equation

ug(x,t) — Agu(x, t) = in@:=(0,T] x 2
(SE) Onpu(z,t) = a(z(x,t) — u(z,t)) on X :=(0,T] x I
u(z,0) = up(x) in 2

= (1) describes heat conduction

= (2) models the flux through the surface (boundary condition)

= (3) defines the initial temperature distribution ug(x) (initial condition)

= admissible control : z € 2,4 1= {z € L3(2) : a(x,t) < z(x,t) < b(x,t)}
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Example 2: Potato

state equation

ug(x,t) — Agu(x, t) = in@:=(0,T] x 2
(SE) Onpu(z,t) = a(z(x,t) — u(z,t)) on X :=(0,T] x I
u(z,0) = up(x) in 2

= (1) describes heat conduction

= (2) models the flux through the surface (boundary condition)

= (3) defines the initial temperature distribution ug(x) (initial condition)

= admissible control : z € 2,4 1= {z € L3(2) : a(x,t) < z(x,t) < b(x,t)}

— control the system with respect to a control goal
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Example 2: Potato

problem formulation

What is our control goal?
(formulated within our mathematical world)
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Example 2: Potato

problem formulation

What is our control goal?
(formulated within our mathematical world)

"Achieve” a desired temperature distribution at time T'
— desired state ug(x) € 2

through heating/scattering over time (0,7 in a mean square sense:
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Example 2: Potato

problem formulation

What is our control goal?
(formulated within our mathematical world)

"Achieve” a desired temperature distribution at time T'
— desired state ug(x) € 2

through heating/scattering over time (0,7 in a mean square sense:

m1n7/|umT—ud VP + = / /| (z,t)|?ds(x) dt

achieve desired state control cost
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Example 2: Potato

problem formulation

What is our control goal?
(formulated within our mathematical world)

"Achieve” a desired temperature distribution at time T'
— desired state ug(x) € 2
through heating/scattering over time (0,7 in a mean square sense:

mln 7/|umT ) — ug(x)|?de + = / /| (z,t)|?ds(x) dt (4)

achieve desired state control cost

such that (1),(2),(3) are satisfied
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Optimal control problem

control

114
PROCESS =  desired effect
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Optimal control problem

control

il
PROCESS =  desired effect

Mathematical formulation:

(P) min  J(u,z) st e(u,z) =0 and z€ Zyq
(u,z)EUXZ
u: state, z: control, J:U x Z — R cost functional
e:U X Z — Y operator, Z.a: admissible control set
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Mathematical formulation: Example 2: Potato

(P) (1L721;Ié12XZJ(u,z) st. e(u,z2) =0 and z€ Z4
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Mathematical formulation: Example 2: Potato

(P) (1L721;Ié12XZJ(u,z) st. e(u,z2) =0 and z€ Z4

T
J(u, z) := %/Q|u(ac,T) — ug(x)|?dx dt + %/0 /F\z(m.,t)\QdS(x) dt
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Mathematical formulation: Example 2: Potato

(P) (1L721;Ié12XZJ(u,z) st. e(u,z2) =0 and z€ Z4

T
J(u, z) := %/Q|u(ac,T) — ug(x)|?dx dt + %/0 /F\z(m.,t)\QdS(x) dt

up(x,t) — Agu(z,t) = in Q
(SE) Opu(z,t) = a(z(x,t) — u(x,t)) on X
u(z,0) = ug(x) in 2

Herberg short title January 31, 2022 6



Mathematical formulation: Example 2: Potato

(P) (1L721;Ié12XZJ(u,z) st. e(u,z2) =0 and z€ Z4

T
J(u, z) := %/Q|u(ac,T) — ug(x)|?dx dt + %/0 /F\z(m.,t)\QdS(x) dt

up(x,t) — Agu(z,t) = in Q
(SE) Opu(z,t) = a(z(x,t) — u(x,t)) on X
u(z,0) = ug(x) in 2

Zaa = {2z € L*(2) : a(x,t) < z(z,t) < b(z,1)}

Coconce
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Theoretical analysis

= solvability of the state equation (SE)

= weak formulation
= control-state-operator S : z — u(z)
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Theoretical analysis

= solvability of the state equation (SE)
= weak formulation
= control-state-operator S : z — u(z)
= solvability of the optimal control problem (P)

= existence
= uniqueness
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First order necessary optimality conditions

(P) min J(u,z) st e(u,z)=0

(u,2)

= Let Z,q = L%(£2) for simplicity
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First order necessary optimality conditions

(P) min J(u,z) st e(u,z)=0

(u,2)

= Let Z,q = L%(£2) for simplicity
= — (P) is an equality constrained optimization problem
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First order necessary optimality conditions

(P) min J(u,z) st e(u,z)=0

(u,2)

= Let Z,q = L%(£2) for simplicity
= — (P) is an equality constrained optimization problem

= Lagrange functional:
L(u, z3p) = J(u, 2) + (e(u, 2),p)y y
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First order necessary optimality conditions

(P) min J(u,z) st e(u,z) =0

(u,2)

Let Z,q = L?(£2) for simplicity
— (P) is an equality constrained optimization problem

Lagrange functional:

L(u, z3p) = J(u, 2) + (e(u, 2),p)y y

= Karush-Kuhn-Tucker (KKT) conditions:

(KKT 1) Ly(u,z;p)u=0 for all u with 4(0) =0
(KKT 2) L.(0,7p)z=0  forall z € L2(1)
(KKT 3) Ly(u,z;p)p=0 — state equation e(u,z) =0!
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First order necessary optimality conditions

= (KKT 1) Ly(u,z;p)u=0 for all v with ©(0) =0

-pe—Ap = 0 in Q
“adjoint equation (AE)” Op = —ap on X
p(T) = a(T)—wuq in{2

= (KKT 2) L.(u,z;p)z=0  forall z€ L*(02)
equation with z and p yz—p=0
- (KKT3)  £,(@5p)p=0
u—Au = 0 in Q
“state equation (SE)” ot = a(z—u) onX

a(-,0) = wg in 2

January 31, 2022 9
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Second order sufficient optimality conditions

= optimal control problem is a convex problem (i.e. cost functional is convex and constraints
form a convex set)

= first order necessary optimality conditions are sufficient v/

= for non-convex problems (e.g. nonlinear (SE)) it is more difficult:
= uniqueness of a solution?
= second order sufficient conditions — second order derivatives ...?
= numerical algorithm (Newton, SQP,...)?
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Numerical realization

Reduced space approach

= Rewrite ‘min J(u,z) st e(u, z) = O‘ as mig J(z)
ze

= It can be shown that V.J =z —p. + (KKT 2)
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Numerical realization

Reduced space approach

= Rewrite ‘min J(u,z) st e(u, z) = O‘ as Hélg J(2)

= It can be shown that V.J =z —p. + (KKT 2)

= Gradient method:

= Choose an initial control z°
= while (termination criterium is not fulfilled) do
= Compute corresponding state u + (SE)
= Compute corresponding adjoint state p « (AE)
= Determine stepsize t*
= Compute update zF+1 = 2k — tF . V.j(2F)
= end(while)
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Numerical realization

Full space approach

= Full system:

Lu(u, z; p)u
F(u,z;p) = | L2(u,2;p)z
e(u, 2)

= Find (u, z;p) such that F(u,z;p) =0
= Newton’s method:
= Choose an initial triple (u°, 2%, p°)
= while (termination criterium is not fulfilled) do
= Obtain s* by solving

OF (ub, 2% pF)sh = —F(u®, 2% p")

= Determine stepsize t*
= Compute update zF+1 = 2k 4 thgk
= end(while)
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Numerical realization

Challenges

We have to solve (SE) and (AE) repeatedly
— (time) costly, storage needed
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Numerical realization

Challenges

We have to solve (SE) and (AE) repeatedly
— (time) costly, storage needed

Remedy:
Replace (SE) and (AE) with

= model order reduction techniques (i.e. Proper Orthogonal Decomposition)
= Sketching
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